Abstract. We generalize Nikulin's and Dolgachev's lattice-theoretical mirror symmetry for K3 surfaces to lattice polarized higher dimensional irreducible holomorphic symplectic manifolds. In the case of fourfolds of K3 [2] −type we then describe mirror families of polarized fourfolds and we give an example with mirror non-symplectic involutions.
Introduction
One striking prediction about geometrical objects coming from physics is the mirror conjecture. Mirror symmetry for holomorphic symplectic manifolds has already been studied by Verbitsky in [24] , where he shows that general non-projective holomorphic symplectic manifolds are mirror self-dual; nothing is known about projective holomorphic symplectic manifolds apart for the two-dimensional case of K3 surfaces.
In [7] Dolgachev, based on former work by Nikulin [17] , develops a mirror construction for lattice polarized projective K3 surfaces. First of all, he defines a moduli space M M parametrizing M −polarized K3 surfaces, i.e. those S such that M is primitively embedded in Pic(S). Then he shows that, whenever there is a decomposition M ⊥ ∩ H 2 (S, Z) = U (m) ⊕M , where U is the standard hyperbolic lattice and m is an integer, then MM is a mirror moduli space: its dimension equals the Picard number of the generic member of M M and viceversa. Moreover, the Griffiths-Yukawa coupling Y : S 2 (H 1 (S, T S )) → H 0,2 (S) ⊗2 is a symmetric pairing and for some open subset U of a compactification of M M near a boundary point, it can be identified with the quadratic form onM ⊗ C. Finally, the period map of K3 surfaces induces a holomorphic multivalued map, the mirror map, from the open set U above to the tube domain Pic(X ′ ) R + iK X ′ , where X ′ ∈ MM and K X ′ is its Kähler cone.
Interesting examples of such a duality are given by Dolgachev, e.g. mirror partners of polarized K3s and Arnold's Strange Duality, and also by Borcea [5] and Voisin [25] , who introduced the notion of mirror non-symplectic involutions.
In this paper we generalize the definition of this lattice-theoretical mirror construction to higher dimensional irreducible holomorphic symplectic manifolds. After reviewing the basic notions of lattice theory and of the theory of hyperkähler manifolds, in Section 3 we construct moduli spaces of marked lattice polarized irreducible holomorphic symplectic manifolds and study their period domains. Then in Section 4 we show how the theory in [7] carries through to higher dimensions: we define mirror moduli spaces so that they share the same properties mentioned above; roughly speaking, this duality exchanges the complex and the Kähler structure of the manifolds. In the case of fourfolds of K3 [2] −type we then describe mirror families of polarized fourfolds and we generalize also the notion of mirror non-symplectic involutions. Acknowledgements. The author wants to thank Klaus Hulek for suggesting this problem and for many enlightening discussions. She is also grateful to Samuel Boissière and Alessandra Sarti for their precious comments. This work was developed while the author was a member of the DFG Research Training Group "Analysis, Geometry and String Theory" at Leibniz University Hannover.
Preliminary notions

Lattices.
A lattice L is a free Z-module equipped with a nondegenerate symmetric bilinear form (·, ·) with integer values. Its dual lattice is L * := Hom Z (L, Z) and can also be described as L * ∼ = {x ∈ L ⊗ Q | (x, v) ∈ Z ∀v ∈ L}. Since L is a sublattice of L * of the same rank, the quotient A L := L * /L is a finite abelian group, so-called discriminant group, of order discr(L), the discriminant of L. We denote by ℓ(A L ) the minimal number of generators of A L (i.e. the length of A L ). In a basis
In this case the bilinear form induces a finite quadratic form q L :
When L is no longer unimodular, the picture becomes more complicated and the following result helps with finding all non-isomorphic primitive embeddings of M . 
whereψ is the isomorphism of the discriminant forms q K and q K ′ induced by ψ.
In this paper U will be the unique even unimodular hyperbolic lattice of rank two and A k , D h , E l will be the even, negative definite lattices associated to the Dynkin diagrams of the corresponding type (k ≥ 1, h ≥ 4, l = 6, 7, 8). For d ≡ −1 (4) the following negative definite lattice will be used in the sequel
Moreover, L(t) denotes the lattice whose bilinear form is the one on L multiplied by t ∈ N * .
We recall the following result by Nikulin on splitting of lattices. ) and assume that t (+) > 0 and t (−) > 0. Then:
Finally, recall that the divisor div f of a primitive element f ∈ L is the generator of the ideal (f, L) in Z.
2.2.
Irreducible holomorphic symplectic manifolds. Irreducible holomorphic symplectic manifolds, also called hyperkähler manifolds, have received a growing interest since it is known that if X is a compact simply connected Kähler manifold with c 1 (X) R = 0 then there is a finiteétale cover of X that is a product of manifolds of three different types, namely complex tori, Calabi-Yau's and irreducible holomorphic symplectic ones (see [3] ). A compact Kähler manifold X is irreducible holomorphic symplectic if it is simply connected and admits a symplectic two-form ω X ∈ H 2,0 (X) everywhere non degenerate and unique up to multiplication by a nonzero scalar. The existence of such a symplectic form ω X immediately implies that dim X is an even integer. Moreover, K X is trivial, in particular c 1 (X) = 0, and T X ∼ = Ω 1 X . For a complete survey of this topic we refer the reader to the nice book [11] and references therein.
The group H 2 (X, Z) carries a natural structure of lattice; the quadratic form on it is the so-called Beauville quadratic form q, which is even in all known examples. We briefly recall here all known deformation types of irreducible holomorphic symplectic manifolds.
K3 surfaces: These are compact complex connected surfaces S with b 1 (S) = 0 and trivial canonical bundle. There is a lattice isomorphism between H 2 (S, Z) endowed with the cup-product and the lattice 3U ⊕ 2E 8 . The Hilbert scheme of a K3 surface: Let S be a smooth K3 surface and let X = S [2] be the Hilbert scheme of S of 0−schemes of length 2; X can be constructed also as the blow-up along the image of the diagonal ∆ of the symmetric product S (2) . In particular, b 2 (X) = 23 and
Often, irreducible holomorphic symplectic manifolds that are deformation equivalent to X are called of K3 [2] − type. If S is projective, then X is also and Pic(X) ∼ = Pic(S) ⊕ Ze where e is the class of the exceptional divisor with square e 2 = −2. The construction can be generalized in dimension 2n, taking the Hilbert scheme of S of 0−schemes of length n (see [3] ). Generalized Kummer varieties: Given a complex torus A, we can construct the associated Hilbert scheme of 0−schemes of length r + 1 and
/ / A , where S is the addition map. The generalized Kummer variety is K r (A) := (S • π) −1 (0) and it is an irreducible holomorphic symplectic manifold of dimension 2r, as shown by Beauville in [3] . The Beauville lattice of a generalized Kummer variety is 3U ⊕ −2(r + 1) .
O'Grady's examples: O'Grady in [20] and [21] discovered two deformation families of irreducible holomorphic symplectic manifolds of dimension 6 and 10: these are deformations of desingularized moduli spaces of sheaves on abelian and K3 surfaces respectively. A marking of an irreducible holomorphic symplectic manifold is an isometry φ :
where L is a fixed even non-degenerate lattice of signature (3, b 2 (X) − 3); a pair (X, φ) is then said to be marked. Similarly to what happens for K3 surfaces, there exists a moduli space of marked irreducible holomorphic symplectic manifolds M L of fixed deformation type and one can define a period map
Already in [3] it was shown that the period map is a local isomorphism; later Huybrechts in [13] show that P 0 is surjective, even when restricted to a connected component. Finally, Verbitsky in [23] proved the global Torelli theorem, that here we recall as it has been formulated by Markman (see also Huybrechts's Bourbaki talk [14] ). . Let X and Y be two irreducible holomorphic symplectic manifolds deformation equivalent one to each other. Then:
(1) X and Y are bimeromorphic if and only if there exists a parallel transport operator f : Definition. Given a marked pair (X, φ) of type L, we define the monodromy group as
) is the group of monodromy operators of X restricted to the second cohomology group.
It was proven by Verbitsky in [23] that Mo
2 (L) is an arithmetic subgroup of O(L); on the other hand we do not have an explicit description of this group in all known examples.
Moduli spaces of marked irreducible holomorphic symplectic manifolds are not Hausdorff, but we know exactly how to describe non-separated points. Things behave better when one restricts oneself to moduli of polarized marked irreducible holomorphic symplectic manifolds, which have been studied in [9] (see in particular Theorem 1.5). We denote with A X the ample cone of X. Furthermore, given a primitive element h ∈ L, let Mo
subgroup of h−polarized monodromy operators and let Γ h be the image of Mo 
Moduli spaces of lattice polarized irreducible holomorphic symplectic manifolds
This construction aims to generalize the one by Gritsenko, Hulek and Sankaran in [9] for polarized irreducible holomorphic symplectic manifolds. Here we treat the subject in full generality and we will then specialize it to the case of fourfolds of K3 [2] −type in Section 5. Let X be an irreducible holomorphic symplectic manifold of type L and let j : M ⊂ L be a fixed primitive embedding of a sublattice M of signature (1, t); we will freely identify M with j(M ) whenever confusion is not possible.
Definition. An M −polarization of an irreducible holomorphic symplectic manifold X is a lattice embedding i : M → Pic(X).
A j−marking of an M −polarized manifold X is a marking φ :
with X an M −polarized irreducible holomorphic symplectic manifold of given deformation type and φ a j−marking is said to be (M, j)−polarized.
If Pic(X) = i(M ) we say that (X, φ) is strictly (M, j)−polarized.
; hence, we can consider a restricted period domain
⊥ . This has two connected components and each one is a symmetric homogenous domain of type IV (see [10] ). Since N C depends only on the signature of N , the period domain D M depends only on M and not on j.
We need a notion of ample polarization and to introduce it we need to make the following assumption: Assumption 1. There exists a set ∆(L) ⊂ L such that the Kähler cone K X of a marked (X, φ) can be described as
As we will see more in detail in Section 5, Assumption 1 is satisfied in the case of fourfolds of K3 [2] −type. Given such an embedding j : M ⊂ L, define the positive cone C(M ) = {x ∈ M R | (x, x) > 0} and pick one of the two connected components
Definition. We say that (X, φ) as above is ample (strictly) (M, j)−polarized if i(K(M )) contains a Kähler class.
On the other hand, suppose that there exists δ ∈ ∆(X) + \ i(∆(M ) + ); we have that δ ∈ i(∆(M ) − ) and hence (δ, κ) = (δ,k) < 0, in contradiction with our assumption.
(2)This follows immediately from (1) and the definitions.
Given a smooth family f : X → U of irreducible holomorphic symplectic manifolds of given deformation type, an M −polarization of f is an injection i U : M U → Pic X /S ⊂ R 2 f * Z, from the constant sheaf M U to the relative Picard sheaf Pic X /S , such that for every t ∈ U the map i t defines an M −polarization of X t . A j−marking of the family is then defined (see [7] ) as an isomorphism of local systems φ U : R 2 f * Z → L U such that φ t • i t = j for all t ∈ U. Such a marking allows to define the period map of f as which is a local isomorphism.
As defined in Markman [15] , consider Mo
In other words, an element g ∈ Mo 
The equivariance of the restricted period map is trivial.
To obtain a quasi-projective variety we need to show that Γ M,j is of finite index inside O(N ). By a result of Markman combined with work of Kneser (see also [10] ), it follows that if X is of K3 [2] −type then Mo 2 (L) is related to the so-called stable orthogonal group,Õ
Proof. We will show that H =Õ + (N ) is a subgroup of Γ M,j and since it is of finite index in O(N ) (this follows immediately from the fact that Aut(A N ) is a finite group), Γ M,j is also of finite index in
Given g ∈Õ + (N ) we want to prove that there exists f ∈ Mo
Next, consider the extension of g by linearity to N R ; we know that there are
and by construction α(f ) = g.
Proof. This follows from Proposition 3.3 and Baily-Borel's theorem [1] . Next we restrict to a connected component M Proof. First we show that
Indeed, given (X, φ) ∈ M sa M,j and π = P + M,j (X, φ) ∈ D M , we see that π / ∈ H ν for any ν ∈ N \ {0}: otherwise, ν ∈ π ⊥ and φ −1 (ν) ∈ Pic(X) \ i(M ), contradicting our assumption.
Given π ∈ D
• M and (X, φ) ∈ P −1 M,j (π), the pair (X, φ) is strictly (M, j)−polarized; moreover, there is a bijection ρ : . On the other hand, since L is no longer unimodular, this is a stronger condition to require with respect to the case of K3 surfaces as it is not always satisfied even in the case of polarizations (see [9] ). Proposition 5.2 describes some cases in which this happens.
Mirror symmetry
4.1. Griffiths-Yukawa coupling. In this section we limit ourselves to recalling some notations and facts from §4 in [7] and we focus our attention on the few modifications needed in higher dimensions. From now on suppose that rk M ≤ 20, so that its orthogonal N in L (which is unique up to isometry once we fix the embedding j : M ֒→ L by Theorem 2.1) is indefinite. Fix a primitive isotropic vector f ∈ N R , so that (f, f ) = 0, and set
The corresponding tube domain, which is the complexification of C + f , is 
where H 1 (X, T X ) φ is the tangent space of M + M,j at the point (X, φ), defined as the orthogonal in H 1 (X, T X ) of i(M ) with respect to the pairing
and ϕ i,j :
, for 1 ≤ i ≤ 2n and 0 ≤ j ≤ 2n − 1, is given by the interior product with a tangent vector (see [8] ). 
Moreover, given (X, φ) ∈ M + M,j , the quadratic form on (V f ) C coincides with the Griffiths-Yukawa pairing with respect to the normalization H 0,2 (X) ∼ = C defined by φ −1 (l) ∈ H 2,0 (X).
4.2.
The mirror map. Again the theoretical construction contained in §5 and §6 of [7] carries over to higher dimensions with very little modification. First of all, let us recall some definitions.
Definition. Let S be an even indefinite lattice and m a positive integer; a primitive isotropic vector f ∈ S is m−admissible if div f = m and there exists another isotropic vector g ∈ S such that (f, g) = m, div g = m.
Due to [7, Lemma 5.4] this is equivalent to the existence of a primitive embedding U (m) → S such that f ∈ U (m).
Suppose We introduce now the Baily-Borel compactification of the period domain, defined as its closure in the Harish-Chandra embedding (see [10] for a nice survey of the topic), contained in the obvious compactification given by the quadric
A boundary component is a subset of the form P(I C ) ∩ D * M for some isotropic subspace I ⊂ N R of dimension 1 or 2; such a component is called rational if the corresponding I can be defined over Q. In particular, 0−dimensional rational boundary components of D + M are in bijection with primitive isotropic elements of N . When Γ M,j is an arithmetic subgroup of O(N Q ), it acts on the set of rational boundary components of D + M , which we denote RB, and for each such F its stabilizer N (F ) = {g ∈ Γ M,j | g(F ) = F } acts discretely on F . Then the Baily-Borel compactification is
that is a normal projective algebraic variety. Now we choose an m−admissible primitive isotropic f ∈ N and consequently we fix a splitting N = U (m) ⊕M and an isotropic g ∈ U (m) such that (f, g) = m.
+ as the subgroup of elements preserving K(M ); thus we have an action of
and we can identify Z M,j (f ) + with the subgroup preserving H + f = V f + iK(M ). Let F be the 0−dimensional rational boundary component corresponding to f . The theory in [7] holds also in our situation, hence there exist neighbourhoods U * and U respectively of 
5. The K3 [2] −type case
From now on let X be a fourfold of K3 [2] −type, so that b 2 (X) = 23 and L = 3U ⊕ 2E 8 ⊕ −2 . In this case, by works of Hassett and Tschinkel [12] and of Mongardi [16] (see also [2] ), Assumption 1 is satisfied with
By a result of Markman combined with work of Kneser (see also [10] ), it follows that
Hence the hypothesis of Proposition 3.3 is satisfied and Γ M,j is an arithmetic subgroup of O(N ).
Proof. Proposition 3.3 tells us that Γ M,j ⊃Õ + (N ). Viceversa, in this case In this case we can find some criteria for the unicity of the embedding j. ⊕ai and rk M ≤ 21 − max(a i ). It is important to stress though that the orthogonal N will not in general have a unique embedding, so that will not be the only possible embedding ofM .
Remark 5.3. Consider now a primitive embedding j K3 : M ⊂ L K3 and take j = j K3 ⊕ id −2 to be the induced primitive embedding M ⊂ L. We can then find a mirror lattice either in L K3 or in L, obtaining respectivelyM K3 andM = M K3 ⊕ −2 . Take an M −polarized K3 surface S and S ′ anM K3 −polarized K3 surface in the mirror family; then S [2] and (S ′ ) [2] will be respectively M −polarized andM −polarized mirror partners. On the other hand, since for any M −polarized K3 surface S, S [2] is also (M ⊕ −2 )−polarized, the family of Hilbert schemes of M −polarized K3 surfaces has codimension 1 inside M + M,j , whereas the mirror moduli space has the same dimension as in the K3 case.
5.1. The polarized case. Let M ⊂ L be the rank 1 sublattice 2d for d a positive integer. In the K3 [2] −type case, the following result is known:
Theorem 5.4. [9, Prop. 3.6 and 3.12] The sublattice M = 2d admits up to two non-isometric primitive embeddings in L. Let h be a generator of M ; then the following hold:
(1) there is always the split embedding j s , corresponding to div h = 1, such that N s = 2U ⊕ 2E 8 ⊕ −2 ⊕ −2d , det N s = 4d and A Ns = Z/2Z ⊕ Z/2dZ; (2) if d ≡ 3 modulo 4 then M admits a second embedding j ns , called non-split, corresponding to div h = 2, such that
In both cases, Γ M,j ∼ =Õ(N ) + . 
Now we want to computeÕ(N )−orbits of m−admissible isotropic vectors f in N for an integer m| det N . In both cases we can apply Eichler's criterion 2.3: orbits are classified by div f | det N . From Scattone's work [22, Proposition 4.1.3] there is a bijection betweenÕ(N )-orbits of isotropic vectors in N and the set of isotropic elements in A N modulo multiplication by ±1, induced by the map
The split case. Let e and t denote respectively the generators of −2 and −2d in N s . Then the discriminant group A Ns is generated by e/2 and t/2d and the discriminant quadratic form q s is given by
for α = 0, . . . , 2d − 1 and β = 0, 1. Let u and v denote a standard basis of one of the two orthogonal summands U inside N s and write 
Proof. Let I(q s ) be the set of isotropic elements in A Ns ; it is clear that it is the union of isotropic elements of Z/2dZ with respect to the restricted form q s (α t 2d ) = − α 2 2d and of isotropic elements y = α t 2d + e 2 , since e is not isotropic. Moreover, it is easy to remark that ord(f / div f ) = div f and, since we are interested in classification up to the action ofÕ(N s ), we need to find only one isotropic element for each possible order m.
The computation of isotropic elements of Z/2dZ has been done by Scattone [ Up to isometry, the corresponding isotropic vectors in N s are precisely of the forms given in (1). Indeed, given such an f ∈ N s , we have f
Hence div f = m.
Now we restrict to the case m = 1 and consider the isotropic primitive vector f = t + u + dv. Since it is unimodular, U admits a unique primitive embedding in N up to isometry; hence its orthogonal isM = U ⊕ 2E 8 ⊕ −2 ⊕ −2d and we can assume that U = Zf + Zv. The sublatticeM admits two non-isometric primitive embeddings in L; it follows from the definition that satisfies(M ) ⊥ = U ⊕ 2d . Hence the period domain D + M is exactly the one described by Dolgachev in [7] , with tube domain realization isomorphic to the upper half-plane H.
From [7, Theorem 7 .1] and Theorem 5.1, the global monodromy group ΓM , is conjugate in P SL(2, R) to Γ 0 (d) + generated by the group
and by the Fricke involution
The main difference with what happens in the case of polarized K3 surfaces is that here we only get a local isomorphism from our moduli space to the modular curve
The non-split case. In this case d ≡ 3 (4) . Let e and w 1 , w 2 denote respectively the generators of −2 and of a copy of U in L so that M = h ⊂ U ⊕ −2 via h = 2w 1 + 
Proof. Computations similar to the ones in the proof of Lemma 5.6 show that the order m of an isotropic element αt ∈ Z/dZ has to divide k. Given f as in (2), we have that
Now we restrict to the case m = 1 and consider the hyperbolic lattice U = Zf ⊕ Zv. Since it is unimodular, U admits a unique primitive embedding in N up to isometry and its orthogonal isM = U ⊕ 2E 8 
is exactly as in the split case and everything remarked above holds again.
5.2.
Non-symplectic involutions. In the forthcoming paper [4] the authors classify primitive embeddings of invariant sublattices T of non-symplectic involutions i of fourfolds X of K3 [2] −type, i.e. involutions such that i * ω X = −ω X . The invariant sublattice T is known to be hyperbolic and two-elementary with two-elementary orthogonal S. By work of Nikulin [19] a two-elementary hyperbolic lattice T is completely determined by the triple (r, a T , δ T ), where r is its rank, a T = l(A T ) is the length of its discriminant group and δ T is the parity of the discriminant quadratic form q T : δ T = 0 if q T (x) ∈ Z/2Z for all x ∈ A T , 1 otherwise.
By [4, Proposition 6 .1] primitive embeddings j into L of a two-elementary hyperbolic sublattice T with invariants (r, a T , δ T ) are in bijection with couples (a ± 1, δ S ) where S is the orthogonal complement of j(T ) in L, two-elementary with a S = l(A S ) = a ± 1 and parity δ S .
Consider now M + T,j and look for the mirror family corresponding to the choice of a 1−admissible isotropic vector f ∈ S. Once fixed such an f ∈ S and a splitting S = U ⊕Ť , we get thatŤ is hyperbolic, two-elementary with invariants (21 − r, a S , δ S ) and the embedding is the one corresponding to (a T , δ T ). Moreover, by cancelling the points corresponding to non-admissible values of (r, a T , δ T , a S , δ S ), Figure 1 and Figure 2 in [4] can be combined in Figure 1 , where every point denoted with • is mirror dual with the symmetric • with respect to the line G and symmetric * and • are mirrors.
Remark 5.9. Since the generic member of each family carries a non-symplectic involution with prescribed invariant lattice, we thus get a notion of mirror involution. On the other hand, this does not agree with the notion of mirror involutions defined by the analogous construction on K3 surfaces, as described in [25] , in the sense that pairs of natural involutions induced by mirror involutions on a K3 surface S are not mirror pairs on S [2] . 
